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In  this  dissertation,  new  techniques  for  constructing 
continua  in  the  Stone-^ech  remainder  of  a completely  regu- 
lar Hausdorff  space  are  illustrated  for  the  special  case  of 
n-dimensional  Euclidean  space,  where  n > 2.  These  techniques 
depend  heavily  on  results  obtained  in  the  area  of  shape 
theory  and  appear  to  be  applicable  to  more  general  spaces 
as  well  as  to  Rn.  After  establishing  basic  concepts  and 
terminology  relating  to  the  Stone-C^ech  compactif ication , 
shape  theory,  and  (^ech  cohomology,  some  preliminary  lemmas 
are  proven  which  are  then  used  in  the  proofs  of  subsequent 

theorems.  These  lemmas  illustrate  the  distinctive  prop- 
. v 

erties  of  the  Stone-Cech  compactif ication.  After  these 

3 3 

preliminaries,  c continua  are  constructed  in  BR  - R such 
that  no  two  have  isomorphic  first  C^ech  cohomology  groups 
and,  hence,  are  not  of  the  same  shape.  Then,  a particular 


v 


3 . 

embedding  of  subsets  of  the  continua  into  BR  will  exhibit 

2C  compacta  in  gRJ  - RJ , no  two  of  which  have  the  same 

• c 

shape.  An  easy  modification  of  the  compacta  yields  2 

3 3 

nonhomeomorphic  continua  in  gR  - R , the  proof  of  which 
utilizes  the  properties  of  shape  dimension.  It  is  shown 

3 

that  these  results  for  gR  imply  analogous  results  for 
gRn,  where  n > 3.  The  case  of  n = 2 is  treated  in  the  sub- 
sequent chapter,  where  2C  nonhomeomorphic  continua  are 

v 2 

constructed  in  the  Stone-Cech  remainder  of  R . 
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CHAPTER  ONE 
INTRODUCTION 

Shape  theory  is  a generalization  of  homotopy  theory 
that  agrees  with  homotopy  theory  in  the  case  of  CW  com- 
plexes. For  more  general  spaces,  however,  shape  theory 
reflects  better  the  global  behavior  of  the  space.  For 
example,  if  X is  the  graph  of  the  sin  (1/x)  curve  closed  by 
an  arc,  commonly  referred  to  as  the  "Warsaw  circle,"  then 
X has  the  homotopy  type  of  a point,  yet  is  shape  equivalent 

to  a circle.  Roughly,  this  follows  from  the  fact  that  X 

2 

is  the  intersection  of  neighborhoods  in  R that  are 
homotopy  equivalent  to  S . 

In  this  dissertation,  we  will  be  concerned  with  the 

. . V 

application  of  shape  theory  to  the  Stone-Cech  compactif ica- 
tion  of  a space  X,  gX,  and  in  particular,  to  gRn  for 
n > 2.  Previously,  much  work  has  been  done  in  the  study  of 
the  Stone-^ech  compactif ication  of  the  natural  numbers,  gN, 
that  does  not  involve  shape  theory.  Until  recently,  a 
major  method  used  to  study  gX  for  a more  general  space  X 
has  been  to  embed  a copy  of  the  natural  numbers  into  X 
and  apply  results  already  known  for  gN  to  gX.  While  this 
method  has  obvious  restrictions,  shape  theory  has  offered 
new  methods  for  examining  gX  and  gX  - X that  utilize  the 
intrinsic  topological  properties  of  the  space  X,  as  will  be 
illustrated  in  this  text  in  the  case  of  gRn. 
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A basic  tool  used  in  the  area  of  shape  theory  is  the 
computation  of  £ech  cohomology  groups.  Just  as  the  singular 
cohomology  groups  are  invariants  in  the  homotopy  category, 
so  are  the  ^ech  cohomology  groups  invariants  in  the  shape 
category.  In  [1] , A.  Calder  and  J.  Siegel  have  proven 
results  that  enable  us  to  easily  compute  the  Cech  cohomology 
groups  of  certain  types  of  continua  contained  in  BRn. 

We  will  begin  by  establishing  in  Chapter  Two  the 
necessary  background  material  required  to  understand  the 
basic  concepts  and  terminology  that  will  be  used  throughout 
the  succeeding  chapters,  namely,  concepts  related  to  the 
Stone-^ech  compactif ication , shape  theory,  and  ^ech 
cohomology.  Then,  in  Chapter  Three,  we  will  establish  some 
preliminary  lemmas  which  will  be  used  in  the  proofs  of  the 
subsequent  theorems.  The  proofs  of  these  lemmas  will  illus- 
trate the  distinctive  properties  of  the  Stone-^ech  compacti- 
f ication . 

We  begin  Chapter  Four  by  constructing  c continua  in 

$R3  - R^  which  have  nonisomorphic  first  £ech  cohomology 

groups.  First,  we  will  form  a specific  collection  of 

solenoids  that  has  cardinality  c.  Then,  corresponding  to 

each  solenoid  in  this  collection,  we  will  construct  a 

3 3 

continuum  in  gR  - R by  attaching  an  infinite  number  of 

■ 3 

copies  of  the  solenoid  end-to-end  in  R along  the  x-axis, 

and  considering  the  Stone-C^ech  remainder  of  this  set.  This 

will  be  a continuum  in  $R^  ~ R^  whose  first  ^ech  cohomology 

group  will  have  a distinctive  divisibility  property  that 
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will  distinguish  it  from  the  other  first  £ech  cohomology 

groups  of  continua  formed  in  a like  manner  from  different 

solenoids  in  the  collection.  This  construction  yields  c 
3 3. 

continua  in  gR  - R with  different  shapes. 

Next,  in  Theorem  4.2,  a particular  embedding  of  sub- 

3 • c 

sets  of  these  continua  into  3R  will  exhibit  2 compacta  in 
3 3 

3R  - R , no  two  of  which  have  the  same  shape.  More  specif- 
ically, for  each  collection  of  continua  of  cardinality  c, 

3 3 

we  will  embed  the  collection  in  3R  - R and  consider  the 

closure  of  the  union  of  the  continua.  This  set  will  be  a 

3 3 

compactum  m 3R  - R that  contains  each  of  the  continua  as 
an  isolated  component.  Then,  any  two  such  compacta  will 
have  different  shapes,  since  any  shaping  between  them  induces 
a shaping  between  the  isolated  components,  i.e.,  between  the 
original  continua.  Thus,  we  will  have  obtained  a contradic- 
tion to  Theorem  4.1. 

Finally,  in  Theorem  4.3,  an  easy  modification  of  the 
compacta  constructed  in  the  proof  of  Theorem  4.2  will  yield 
2C  nonhomeomorphic  continua  in  3R^  - R3/  the  proof  of  which 
utilizes  the  properties  of  shape  dimension  as  developed  by 
J.  Keesling  in  [9].  The  proof  involves  taking  each  com- 
pactum in  Theorem  4.2  and  adding  to  it  the  Stone-Cech 

remainder  of  a plane.  The  resulting  set  will  be  a continuum 

3 3 

contained  in  3R  - R • It  will  then  be  shown  that  any 
homeomorphism  between  two  such  continua  must  take  the 
original  compacta  onto  each  other,  implying  that  the 
compacta  are  homeomorphic . This  will  contradict  Theorem 


4 


4.2,  since  two  spaces  that  are  not  shape  equivalent  cannot 
be  homeomorphic . 

Since  R3  is  a closed  subset  of  Rn  for  n > 3,  the  above 

results  also  hold  for  gRn,  where  n > 3. 

2 2 

In  Chapter  Five,  we  prove  that  gR  - R also  contains 

c . . 

2 nonhomeomorphic  subcontinua.  While  this  implies  the 

result  for  n > 3,  the  construction  in  dimension  three  yields 

the  additional  shape-theoretic  results  that  there  are  c 

continua  in  gR3  - R3  with  nonisomorphic  first  £ech  cohomology 

groups  and  2C  compacta  with  different  shapes.  Moreover,  the 

3 

construction  in  R may  be  useful  for  obtaining  additional 
shape-theoretic  results  than  those  given  here.  In  particu- 
lar, it  seems  reasonable  that  the  continua  constructed  in 
3 3 

gR  - R may  be  shown  to  have  different  shapes  or  even 

nonisomorphic  first  ^ech  cohomology  groups.  In  the  case  of 

2 2. 

gR  - R , it  seems  unlikely  that  any  additional  shape- 

theoretic  results  can  be  obtained  with  this  construction. 

2 

The  case  of  R is  intentionally  treated  after  Chapter  Four, 
since  an  understanding  of  the  constructions  in  Theorems  4.1 
and  4.2  will  aid  the  reader  in  the  understanding  of  the 
proof  of  Theorem  5.1. 

The  number  of  nonhomeomorphic  continua  contained  in 
gR"*"  - R"'-  is  yet  unknown.  Since  the  only  unbounded  connected 
subsets  of  R1  are  rays,  the  methods  used  in  Chapters  Four 
and  Five  to  construct  continua  in  gRn  - Rn  for  n > 2 cannot 
be  applied  in  this  case. 

The  survey  articles  [10] , [13] , and  [15]  provide 

further  information  on  recent  advances  in  shape  theory. 


CHAPTER  TWO 
BACKGROUND  MATERIAL 

In  this  chapter,  we  will  establish  the  basic  defini- 
tions, concepts,  and  notation  that  will  be  used  throughout 
the  remainder  of  this  text.  The  material  found  in  this 
chapter  provides  the  reader  with  the  background  necessary 
for  the  understanding  of  succeeding  chapters. 

The  Stone-^ech  Compactif ication 

A compactif ication  of  a topological  space  X is  a 
compact  Hausdorff  space  K,  together  with  an  embedding 
e:  X ■*  K such  that  e(X)  is  dense  in  K.  Thus,  we  may  con- 
sider X as  a subspace  of  K by  identifying  X with  e(X). 

V 

The  Stone-Cech  compactif ication  of  X,  denoted  by  gX,  is  a 
compact if ication  of  X with  the  property  that  every  bounded, 
real  continuous  function  defined  on  X has  a continuous  ex- 
tension to  all  of  gX. 

For  a topological  space  X,  let  C(X)  denote  the  ring  of 
all  real-valued,  continuous  functions  defined  on  X,  and 
C* (X)  the  subring  of  all  bounded  functions  in  C(X).  A 
subspace  Y of  X is  said  to  be  C- embedded  (respectively, 
C*-embedded)  in  X if  every  element  of  C(Y)  (respectively, 

C* (Y) ) has  an  extension  in  C(X)  (respectively,  C* (X) ) to 
°f  X.  Hence,  the  Stone-Cech  compactif ication  of  X 
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is  a compact  Hausdorff  space  containing  X as  a dense, 
C*-embedded  subspace. 

The  question  arises  as  to  which  spaces  admit  a Stone- 
C^ech  compactif ication.  These  are  precisely  the  completely 
regular  (Hausdorff)  spaces.  Necessity  is  clear  since  every 
subspace  of  a compact  space  is  completely  regular.  We  now 
construct  the  Stone-^ech  compactif ication  for  a completely 
regular  space  X.  For  every  f e C* (X) , let  1^  denote  the 
range  of  f.  Since  f is  bounded,  the  closure  of  If,  cl(If), 
is  compact.  Consider  the  mapping  e : X -*  IIcl(If),  where 
e(x)f  = f (x)  , and  let  (3X  = cl(e(X)).  The  function  e is 
continuous,  since  its  composition  with  each  projection  is 
continuous  (tt^  o e = f ) . To  show  e is  an  embedding,  let  U 
be  an  open  set  in  X and  x e U.  Let  f e C* (X)  such  that 
f(x)  cl(f(X  - U) ) . (This  is  possible  by  complete  regu- 
larity.) Then  the  set  {y  e e(X):  yf  | cl(f(X  - U) ) } is  a 
neighborhood  of  e (X)  and  is  contained  in  f (U) . Hence, 
f (U)  is  open  in  e(X).  Then,  since  e is  clearly  one-to-one, 
e is  an  embedding.  Note  that  if  X is  compact,  then  e(X) 
is  closed  in  IIcl(I^),  and  hence,  Bx  is  homeomorphic  to  X. 
Finally,  let  h:  X R be  a bounded  continuous,  real-valued 
function,  and  let  I = clR(h(X)).  We  will  show  that  h has 
a continuous  extension  to  a map  from  BX  to  I.  Since  I is 
compact,  I is  homeomorphic  to  31*  Therefore,  we  may  con- 
sider h as  a map  from  X into  31*  Now,  define  3h:  3X  -*■  31 
by 


(3h({tf }) ) 


tgoh 
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Then,  ( 0h  o e(x))  = (gh( {e (x) f }) ) 

y y 

= e (x)  , 

goh 

= (goh)  (x) 

= h(x)g- 

Hence,  3h  o e = h,  and  so  3h  extends  h.  Therefore,  3X 
is  the  Stone-Cech  compactif ication  of  X as  defined  earlier. 
Note  that  this  construction  yields  the  algebraic  result  that 
C*  (X)  is  isomorphic  to  C*(3X)  = C(3X). 

From  now  on,  all  spaces  are  assumed  to  be  completely 
regular . 

v 

The  Stone-Cech  compactif ication  has  the  following 

v 

well-known  properties  due  to  M.  Stone  and  E.  Cech.  For 
every  compact  space  Y and  continuous  function  f:  X Y, 
there  exists  a unique  continuous  map  F:  3X  -*  Y such  that 
f = F o i,  where  i is  the  inclusion  map  from  X into  gx. 

In  addition,  any  compactif ication  of  X that  also  has  this 
property  is  homeomorphic  to  3X  via  a homeomorphism  which  is 
the  identity  on  X.  Also,  3X  is  the  "largest"  compactif ica- 
tion of  X in  that  every  other  compactif ication  of  X is  a 
quotient  space  of  3X  (see  [3]). 

For  a topological  space  X,  let  X*  denote  the  subspace 

v 

3X  - X,  called  the  Stone-Cech  remainder  of  X.  In  general, 

X*  is  fairly  complicated.  For  example,  3Rn  - Rn  contains 
no  nondegenerate  metric  continua  (see  [11] ) , yet  the 
cardinality  of  3Rn  - Rn  is  2C  (see  [4] ) . This  brings  up 
the  question  as  to  exactly  what  kind  of  continua  may  be 
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present  in  the  Stone-^ech  remainder  of  Rn.  In  the  sub- 
sequent chapters,  we  will  provide  methods  for  constructing 
different  continua  in  gRn  - Rn.  Unfortunately,  the  con- 
struction fails  in  the  case  n = 1,  where  the  question 

remains  largely  unanswered. 

, v 

An  important  concept  m the  study  of  the  Stone-Cech 

compactif ication  is  that  of  a space  being  realcompact. 

Let  aR  = R u {°°},  the  one-point  compactif  ication  of  the 
real  numbers.  Then  any  element  f of  C (X)  is  a mapping  of 
X into  aR,  and,  therefore,  has  a continuous  extension,  gf, 
from  gx  into  aR.  If  f is  unbounded,  then  for  some  point  x 
in  gX  - X,  gf(x)  = oo.  Define  u (X)  to  be  the  set  of  all 
points  x in  gx  for  which  f(x)  ^ °°  for  every  f e C(X). 
Clearly,  X £ u (X) . We  say  that  X is  realcompact  provided 
X = u (X) , i.e.,  for  every  x e gX  - X,  there  exists  an  ele- 
ment f,  of  C(X),  such  that  gf  (x)  = °°.  The  spaces  Rn/  the 
natural  numbers,  and  rational  numbers  are  all  examples  of 
realcompact  spaces,  while  any  noncompact,  pseudocompact 
space  is  not  realcompact.  In  fact,  every  Lindelof  space  is 
realcompact  (see  [4]).  The  importance  of  realcompactness 
becomes  apparent  in  the  theorem  stating  that  two  realcompact 
spaces  X and  Y are  homeomorphic  if  and  only  if  C(X)  and 
C (Y)  are  isomorphic  as  rings.  The  proof  of  this  theorem 
can  be  found  in  [4] . 

Using  the  concept  of  maximal  ideals  and  the  hull- 

kernel  topology,  one  may  obtain  an  alternate  development  of 
v 

the  Stone-Cech  compactif ication  which  has  many  applications 
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in  the  area  of  ring  theory.  For  example,  there  is  a one- 
to-one  correspondence  between  the  points  of  8X  and  the 
maximal  ideals  of  the  ring  C* (X) . The  maximal  ideals  of 
C (X ) can  also  be  classified  using  the  points  of  £X.  It  is 
also  possible  to  define  the  Stone-Cech  compactif ication  in 
terms  of  ultrafilters,  which  better  indicates  the  com- 
plexity of  the  space  BX.  This  development  has  many  appli- 
cations in  the  areas  of  logic  and  set  theory. 

Because  of  the  complexity  of  BX,  the  methods  of  study 
offered  by  homology  and  homotopy  prove  inadequate  in  examin- 
ing the  basic  topological  properties  of  BX.  Shape  theory 
has  provided  new  tools  that  have  proven  very  useful  in  the 
study  of  BX,  as  is  illustrated  by  the  constructions  in  the 
subsequent  theorems. 


Shape  Theory 

Let  H denote  the  homotopy  category:  the  objects  of  H 

are  topological  spaces,  and  the  morphisms  are  homotopy 
classes  of  continuous  functions.  The  set  of  all  homotopy 
classes  of  maps  from  X into  Y will  be  denoted  by  [X,Y] . 

Let  W represent  the  full  subcategory  of  H whose  objects  are 
all  topological  spaces  having  the  homotopy  type  of  a CW 
complex.  Following  the  development  of  S.  Mardesic  [12] , we 
define  the  shape  category,  S,  as  follows.  The  objects  of  5 
are  topological  spaces,  and  the  morphisms  are  called 
shapings . If  X and  Y are  topological  spaces,  a shaping 
f:  X -*  Y is  a function  which  assigns  to  every  homotopy 
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class  of  maps  a e [Y,K] , where  K £ ob(W),  a homotopy  class 
f(a)  e [X,  K]  such  that  if  K'  e ob(W),  a'  e [ Y , K ' ] , and 
ye  [K,  K'  ] , then  the  equality  yet  = a'  implies  yf(a)  = f(a'), 
i.e.,  if  the  diagram 


commutes,  then  the  diagram 


also  commutes. 

If  f and  g are  shapings,  f:  X ->  Y,  g:  Y -+  Z,  then  the 
composite  shaping,  gf:  X -+  Z is  defined  by  (gf) (a)  = g(f(a)), 
where  a e [Z,K] , and  K e ob(W) . The  identity  shaping, 

: ^ "*■  X is  defined  by  l^(a)  = a.  Two  spaces  X and  Y are 
said  to  have  the  same  shape  (Sh(X)  = Sh (Y) ) provided  there 
exist  shapings  f:  X + Y and  g:  Y + X such  that  gf  = lv  and 
fg  = ly * this  case,  f and  g are  called  shape  equiv- 

alences . 

In  [12] , S.  Mardesic  proved  that  S is  a category.  We 
define  the  shape  functor  S:  H + S as  follows:  S (X)  = X for 

every  space  X;  and  if  y e [X,Y],  then  S(y):  X -»-  Y is  defined 
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by  S (y) (a)  = ay,  where  a e [ Y,  K] , and  K e ob(W).  Note 
that  not  every  shape  morphism  is  induced  by  a continuous 
function.  For  example,  let  X be  the  graph  of  the  sin(l/x) 
curve  closed  by  an  arc  (the  "Warsaw  circle")  as  described: 


Let  Y be  a circle.  Then  Sh(X)  = Sh(Y),  yet  there  is  no 
continuous  map  from  Y to  X that  induces  this  shape 
equivalence. 

Just  as  covering  dimension  is  a topological  invariant 

under  homeomorphism,  we  can  define  the  notion  of  shape 

dimension  which  is  an  invariant  under  shape  equivalence. 

For  a compact  space  X,  the  shape  dimension  of  X,  Sd(X) , is 

defined  to  be  the  least  integer  n such  that  there  is  a 

space  Y with  dim  Y = n and  with  Y shape  dominating  X, 

i.e.,  there  exist  shapings  f : X ->  Y and  g : Y X such 

that  gf  = lx.  In  [9] , J.  Keesling  showed  that  for  any 

v 

compact  set  contained  in  the  Stone-Cech  remainder  of  a 
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Lindelof  space,  shape  dimension  and  covering  dimension 
coincide  (also  see  [18] ) . 

Many  alternate  approaches  to  the  construction  of  the 
shape  category  have  been  given.  In  [14],  S.  Mardesic  and 
J . Segal  presented  a description  of  the  shape  category  for 
compact  Hausdorff  spaces  based  on  inverse  systems  of  ANR's. 
While  not  as  general  as  the  above  construction,  this  ap- 
proach has  had  many  applications.  For  example,  S.  Mardesic 
and  J.  Segal  classified  all  P-adic  solenoids  and  all 
n-sphere-like  continua  as  to  their  shape  and  proved  that 
the  shape  classification  of  O-dimensional  compacta  agrees 
with  their  topological  classification.  In  the  case  of 
compact  metric  spaces,  K.  Borsuk  introduced  a shape  theory 
based  on  fundamental  sequences,  and  T.  Chapman  formulated 
a description  using  complements  of  compact  Z-sets  in  the 

Hilbert  cube.  From  a categorical  perspective,  shape  theory 
. v 

is  closely  related  to  the  Kan  and  Cech  extensions  of  a 
functor  and  to  Artin  and  Mazur's  development  of  Etale 
Homotopy . 

Singular  homology,  singular  cohomology,  and  the 

homotopy  groups  are  invariants  in  the  homotopy  category, 

but,  as  is  easily  seen  in  the  case  of  the  "Warsaw  circle" 

and  S1,  fail  to  be  invariants  in  the  shape  category.  This 

problem  has  been  remedied  by  the  introduction  of  Cech 
v v 

homology,  Cech  cohomology,  and  the  Cech  homotopy  groups. 

v 

Here  we  will  utilize  the  notion  of  Cech  cohomology  groups, 
as  they  are  relatively  easy  to  compute  in  our  case,  and 
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v 

two  spaces  with  the  same  shape  have  identical  Cech  cohomology 
v v 

groups.  Cech  homology  and  the  Cech  homotopy  groups  can  be 
defined  analogously  and  are  also  shape  invariants. 

v 

Cech  Cohomology 
v 

In  order  to  define  the  Cech  cohomology  groups  of  a 
topological  space,  we  must  first  define  the  concept  of 
direct  limits. 

Let  D be  a directed  set  and  {A  } a set  of  objects  in 
some  category.  For  each  pair  a, 3 e D with  a < 3*  assume 

that  there  exists  a morphism  ib  „ : A ■+  A„  such  that 

a3  a 3 

^3y  0 ^a3  = ^ay  for  a - B - Y*  Then  the  data 

^Aa,l^a3^a,  3eD  ^ s called  a direct  limit  system,  and  the  maps 

^a3  are  called  the  connecting  maps.  An  object  lim  Aa 

associated  with  a direct  limit  system  is  called  a direct 

limit  of  {A  , ijj  } if  there  exist  maos  h : A ->  lim  A 

a a3  a a -*■  a 

with  h^  = h^ijj  such  that  the  following  holds:  if  there 

exist  maps  0^:  X for  some  object  X such  that 

ea  = then  there  exists  a unique  map  h:  lim  Aa  ->  X 

such  that  0^  = hh^.  The  situation  is  described  by  the 
following  diagram: 
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In  the  group  category,  it  can  be  shown  that  lim  A is 

-*■  a 

isomorphic  to  (LA^/S,  where  S is  the  subgroup  generated  by 
~ aa  ^see  ) • Note  also  that  lim  A^  is  unique 

up  to  isomorphism. 

Let  U (X)  denote  the  collection  of  all  numerable  open 

coverings  of  a space  X;  U (X)  is  a directed  set  under  the 

partial  ordering  of  refinement.  For  each  U e U (X) , let 

N(U)  denote  the  nerve  of  the  covering  U,  and  HP(N(U),G)  the 
t h 

p singular  cohomology  group  of  N(U)  over  an  abelian  group 
G.  If  V refines  U,  let  7Tyy:  N (V)  -*■  N(U)  be  the  induced 
projection  (ttuv  is  unique  up  to  homotopy)  . Then  iruv 
induces  a homomorphism  TT*y:  HP(N(U),G)  + HP(N(V),G).  It  is 
easily  seen  that  {Hp  (N  (U)  , G)  , tt*v)  is  a direct  limit  system 

4-  U V 

over  U (X) . Now  define  the  p Cech  cohomology  group  of  X 
with  coefficients  in  G,  HP(X,G),  to  be  the  direct  limit 
group  of  the  system  {HP(N(U)  ,G)  ,tt uv } . 

An  important  property  of  £ech  cohomology  is  the  follow- 
ing: if  An  is  a decreasing  sequence  of  compact  Hausdorff 

V r-\ 

spaces  and  A = U A , then  HP(A,G)  is  isomorphic  to 
n>l 

V p 

lim  H^(An,G),  where  the  connecting  maps  are  induced  by 
inclusion.  This  is  referred  to  as  the  "continuity  of  Cech 
cohomology. " 

We  let  HP (X)  denote  the  group  HP(X,Z),  where  Z is  the 
additive  group  of  integers.  It  is  well  known  that  H1 (X)  is 
isomorphic  to  [X^^],  all  homotopy  classes  of  maps  from  X 
into  S1  with  the  group  structure  induced  by  the  group 
structure  (complex  multiplication)  on  S1.  This  follows 
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from  the  fact  that  S is  a K(Z,1) . (See  [16] .)  Note  that 
if  P is  a compact  polyhedron,  then  while  there  is  a one-to- 
one  correspondence  between  the  continuous  maps  of  gx  into 
P and  those  of  X into  P (induced  by  restriction) , the  cor- 
respondence between  [gX,P]  and  [X,P]  is  not,  in  general,  one- 
to-one.  For  example,  [gR^1]  is  uncountable,  yet  [R, S1] 
consists  of  just  one  homotopy  class.  In  the  case  that  (P) 

is  finite  and  X is  finite  dimensional  and  normal,  then  A. 
Calder  and  J.  Siegel  have  shown  in  [1]  that  [gx,P]  and 
[X, P]  are  in  one-to-one  correspondence.  This  implies  that 
for  X finite  dimensional  and  normal,  Hp(gX)  is  isomorphic 
to  HP(X)  for  every  p > 1.  In  addition,  however,  they  have 
shown  that  for  X normal  and  connected,  ker{g:  [gX,S‘*‘]  -»■ 

[X , S1 ] } is  isomorphic  to  the  group  C(X)/C*(X),  where  C (X) 
is  the  additive  group  of  real  continuous  functions,  and 
C* (X)  is  the  subgroup  of  bounded  functions. 

The  importance  of  Cech  cohomology  in  the  study  of  the 
v 

Stone-Cech  compactif ication  becomes  apparent  in  the  proof 
of  the  following  result  by  J.  Keesling.  If  X is  Lindelof 
and  K is  a nondegenerate  continuum  in  gx  - X,  then  K cannot 
have  the  shape  of  a metric  continuum.  The  method  of  proof 
he  used  was  to  show  that  H"*-  (K)  contained  a subgroup  iso- 
morphic to  the  real  numbers.  While  this  appears  to  severely 
restrict  the  types  of  continua  occurring  in  gx  - X,  we  will 
see  that  in  the  case  X = Rn,  n > 2,  gRn  - Rn  contains  2C 
nonhomeomorphic  continua.  For  additional  information  on 
£ech  cohomology,  see  [2],  [5],  [19]. 
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Preliminary  Theorems 

Throughout  the  remainder  of  this  text,  we  will  utilize 
the  following  results: 

Theorem  2.1  (Lemma  1.7  of  [1]):  For  X normal  and 

connected,  there  is  an  exact  sequence 

0 + C(X)/C*(X)  + [BXjS1]  + [X , S1 ] + 0 

where  C(X)  is  the  additive  group  of  real  valued  continuous 
functions  on  X,  and  C* (X)  is  the  subgroup  of  bounded  real 
continuous  functions. 

Theorem  2.2  (Theorem  1.6  of  [9]):  Let  n > 1 be  an 

integer.  Let  X be  a locally  compact,  a-compact  space  such 
that  for  every  compact  set  K c x there  is  a compact  set 
b ^ X - K such  that  dim  L > n.  Then  the  shape  dimension 
of  BX,  Sd(BX)  > n and  Sd(BX  - X)  > n. 

Theorem  2.3  (Corollary  1.9  of  [9]):  Let  X be  a 

Lindelof  space  and  let  K be  a compact  set  contained  in 
BX  - X.  Then  dim(K)  = Sd(K). 

Theorem  2 . 4 (Theorem  1.12  of  [8] ) : Suppose  that  X is 

realcompact  and  that  K is  a continuum  contained  in  BX  - X. 
Then  if  f(K)  = Y is  any  continuous  map  which  is  a shape 
equivalence,  f is  a homeomorphism. 


CHAPTER  THREE 
PRELIMINARY  LEMMAS 

We  now  prove  the  following  lemmas  which  will  be  used 

throughout  the  remainder  of  this  paper.  The  proofs  of 

these  lemmas  utilize  the  distinctive  properties  of  the 
v 

Stone-Cech  compactif ication . Lemmas  3.1  and  3.2  are  well- 
known  but  are  included  for  the  sake  of  completeness. 

Lemma  3.1;  If  X is  a normal  space  and  A is  a closed 
subset  of  X,  then  clgX(A)  is  homeomorphic  to  3A. 

Proof  of  Lemma  3.1 

Since  X is  normal  and  A is  closed  in  X,  A is  C*- 

embedded  in  X.  Hence,  by  the  construction  of  the  Stone- 
v 

Cech  compactif ication  in  Chapter  Two,  clov(A)  is 

pX 

homeomorphic  to  BA. 

Lemma  3.2;  A space  X is  connected  if  and  only  if  3X 
is  connected. 

Proof  of  Lemma  3.2 

Suppose  X is  not  connected.  Then  X = A u B,  where  A 
and  B are  nonempty  disjoint  closed  subsets  of  X.  Define 
f:  X {0,1}  by  f (A)  = 0 and  f (B)  = 1.  Since  A and  B are 
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disjoint  and  closed,  f is  continuous  and  hence  has  a 
continuous  extension,  gf,  to  all  of  gX.  Letting 
A'  = (gf)  '*'({0})  and  B'  = (gf)  ^({1}),  we  obtain 
gX  = A'  u B',  and  A'  and  B'  are  nonempty  disjoint  closed 
subsets  of  gX. 

Conversely,  if  gX  is  not  connected,  there  exist  dis- 
joint closed  subsets  A'  and  B'  of  X such  that  gX  = A'  u B'. 
Letting  A=A'  n X,  B = B ' n X,  we  obtain  X = A u B,  where 
A and  B are  disjoint  closed  subsets  of  X.  Since  X is 
dense  in  gX,  A and  B are  nonempty. 

Note  that  Lemma  3.2  is  not  necessarily  true  for  an 
arbitrary  compactif ication.  For  example,  let  X be  the 
union  of  the  two  rays  (-°°,-l]  and  [1 ,«,)  , and  let  aX  be 
the  one— point  compactif ication  of  X.  Then  aX  is  connected 
but  X is  not  connected. 

We  now  prove  the  following  technical  lemma  which  will 

enable  us  to  embed  a collection  of  sets  into  the  Stone- 
v 

Cech  remainder  of  a space,  such  that  each  set  is  an  iso- 
lated component  of  the  closure  of  the  collection. 

Lemma  3.3;  Let  {A^}  be  a collection  of  closed  subsets 
of  a normal  space  X with  the  following  property:  for  every 

a,  there  exists  a neighborhood,  N , of  A , such  that  for 

a a 

any  y ^ a,  N n A is  contained  in  some  compact  subset  of 

a y 

X.  Then  each  A*  = cl^x(Aa)  - A a is  an  isolated  component 
of  A = cl^fUAJ). 
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Proof  of  Lemma  3.3 

Let  M be  a neighborhood  of  A such  that  cl.,  (M  ) c n . 
a a X a — a 

Define  f:  clx(Ma)  u (X  - NJ  + [0,1]  by  f(clx(Ma))  = 0,  and 
f(x  “ N^)  = 1.  Since  X is  normal,  there  is  a continuous 
extension  of  f,  say  f,  to  all  of  X.  Then  f can  be  continu- 
ously extended  to  all  of  gx,  say  by  gf.  Since  A c M , 

a — a 

BI(V  = f(V  = °- 

This  implies  gf(cl  (Aa))  = 0,  and  so  gf(AJ)  = 0.  Now, 

for  y ^ a,  outside  some  compact  set  C , A c X - N . Hence, 

Y Y — a 

A*  is  contained  in  the  closure  of  A n(X-C)cX-N. 

Y Y Y — a 

This  implies 

Sf(A*)  = gf(X  - Na)  = f (X  - Na)  = 1. 

Therefore,  gf ( U A*)  = 1 and  hence,  gf(clDV(  U A*))  = 1. 

Y 3X  Y^a  Y 

By  normality,  there  exist  open  sets  U and  V in  gX  with 

U n V = 0,  A*  c u,  and  clQV(  U A*)  c v.  Hence,  A*  is  an 
01  “ BX  Y^a  Y “ a 

isolated  component  of 

A = (c1bx(y^ap>  u a;- 

Next,  we  prove  a surprising  result  concerning  the 
dimension  of  neighborhoods  of  points  in  the  Stone-Cech 
remainder  of  Rm. 

Lemma  3.4:  Suppose  is  a decreasing  sequence 

of  closed,  locally  n-dimensional  sets  contained  in  Rm. 
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Then  for  any  point  x contained  in  B — n B* , any  neighbor— 

k>l  k 

hood  of  x in  B has  dimension  n. 

Proof  of  Lemma  3.4 

Let  V be  a neighborhood  of  x in  B.  Then  V = W n B, 
where  W is  open  in  BRm.  Since  x e W,  W n Rm  is  an  open 
subset  of  R that  intersects  every  B^  in  an  unbounded  set. 
Consider  W n B^,  and  let  be  a closed  n-ball  contained  in 
W n B^  such  that  D^.  lies  outside  the  m-1  dimensional  sphere 
sk  centered  at  the  origin  with  radius  k.  This  is  possible 
because  for  any  compact  set  C in  Rm,  W n B n (Rm  - C) 

K 

must  contain  an  n-dimensional  subset  with  interior  points, 

since  Bfc  is  locally  n-dimensional.  Let  D = U d,  . Then  D 

k>l  k 

is  a closed  subset  of  Rm.  Hence,  D*  = gD  - D is  contained 
in  gRm  - Rm,  by  Lemma  3.1. 

We  will  show  that  D*  is  contained  in  V.  Clearly, 

D*  c w.  By  the  construction  of  D,  and  the  fact  that 

Bj  £ Bj+1  for  every  integer  j,  we  have  that  for  k > 1, 

every  point  of  D not  in  Sk  is  contained  in  B^.  Hence, 

D*  c b£  for  every  k > 1,  which  implies  D*  c n B*  = B. 

“ k>l  k 

Hence,  D*  c B n w = V.  Now,  Sd(D*)  = Sd(gD  - D)  > n by 
Theorem  2.2.  By  Theorem  2.3,  dim(D*)  > n.  Since  dim(D*) 
is  also  < n,  it  follows  that  dim(D*)  = n.  Hence,  V has 


dimension  n. 
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Note  that  as  a corollary  of  Lemma  3.4  we  have  that 
BRn  - Rn  is  locally  n-dimensional . (Let  = Rn  for  every 
integer  k. ) 

The  following  lemma  provides  an  upper  bound  for  the 
number  of  closed  subsets  that  a separable  space  may  contain. 
This  will  then  give  an  upper  bound  for  the  number  of  closed 
subsets  of  BRn. 

Lemma  3.5:  If  X is  a (completely  regular)  space  with 

a countable  dense  subset,  then  X has  at  most  2C  closed  sub- 
sets. In  particular,  if  X has  a countable  dense  subset, 
then  BX  contains  at  most  2C  closed  subsets. 

Proof  of  Lemma  3.5 

We  begin  by  showing  that  X has  a basis  of  at  most  c 
open  sets.  Let  A be  a countable  dense  subset  of  X.  Con- 
sider the  set  of  all  continuous  functions  from  X into  the 
closed  interval  [0,1].  Call  this  set  F.  Each  function  in 
F is  completely  determined  by  its  action  on  the  elements  of 
A.  Hence,  there  are  (card  ( [ 0 , 1 ] ) ) ^card  = cXo  = c such 
functions.  Now,  consider  the  collection  U,  of  all  open 
sets  of  X of  the  form  f 1 (W) , where  f e F,  and  W is  an  open 
subset  of  [0,1] . We  claim  that  U forms  a basis  for  the 
topology  of  X. 

Let  V be  an  open  subset  of  X and  x e V.  By  complete 
regularity,  there  is  a continuous  function  f:  X -*  [0,1] 
such  that  f(x)  = 0,  and  f (X  - V)  = 1.  Then,  f-1 ( [0,1/2)) 
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is  an  open  subset  of  V containing  the  point  x,  and 
f 1(  [0,1/2))  is  an  element  of  U.  Hence,  U forms  a basis 
for  the  topology  of  X,  and  U has  cardinality  c2  = c. 

Now,  every  open  subset  of  X is  the  union  of  basic 
open  sets  of  U.  Hence,  there  are  at  most  2C  open  subsets 
of  X.  Since  every  closed  set  contained  in  X is  the  com- 
plement of  an  open  set,  this  says  that  there  are  at  most 
2C  closed  subsets  of  X. 

To  prove  the  second  part,  one  needs  only  to  note  that 
if  A is  a countable  dense  subset  of  X,  then  A is  also  dense 
in  ex,  asclgx(A)  = clgx(clx(A))  = clgx(X)  = BX.  Hence, 

BX  contains  at  most  2C  closed  subsets. 

Note  that  in  the  above  lemma,  if  X is  not  compact, 
then  gx  consists  of  2C  points.  This  follows  from  the  fact 
that  a copy  of  the  natural  numbers,  N,  can  be  C*-embedded 
in  X,  and  BN  has  cardinality  2C  (see  [20] ) . 


CHAPTER  FOUR 

CONTINUA  IN  THE  STONE-CECH  REMAINDER  OF  Rn , n > 3 

In  this  chapter , we  shall  prove  three  theorems  concern- 
ing the  types  of  continua  and  compacta  that  appear  in  the 
Stone-^ech  remainder  of  Rn  for  n > 3.  The  construction  is 
carried  out  in  dimension  3;  these  results  imply  the  results 
for  higher  dimensions.  We  begin  by  constructing  c continua 
in  the  Stone-^ech  remainder  of  R3  with  the  property  that 
any  two  have  nonisomorphic  first  ^ech  cohomology  groups. 

Theorem  4.1:  There  are  c subcontinua  of  gR3  - R^ 

which  have  nonisomorphic  first  £ech  cohomology  groups. 

Proof  of  Theorem  4.1 

Consider  the  collection  {Pa:  a e A},  where  each  Pa  is 

a sequence  of  prime  numbers  with  the  following  properties: 

there  are  an  infinite  number  of  distinct  primes  in  P and 

each  prime  occurs  an  infinite  number  of  times;  if  a,b  e A 

with  a * b,  then  there  is  a prime  occurring  in  P which  is 

not  in  Pb,  or  a prime  in  Pb  which  is  not  in  Pa;  and  card 

A = c.  Let  Za  be  the  solenoid  corresponding  to  the  sequence 

?a'  and  let  Ba  = H (Za) • We  know  that  Ba  is  isomorphic  to 
/ m _ , 

tp1p2...pk  : m e pb  e PaJ.  (For  properties  of  solenoids, 
see  [7]  . ) 
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The  solenoid  Ea  may  be  described  as  follows:  let 

~ ^ Pg > P2 • P3 ' • • • } ' Ea  is  the  intersection  of  a decreasing 
tower  of  solid  tori  {Tn}  in  R3  with  the  properties  that 

(i)  Tn+i  £ Tn  f°r  every  n e Z+; 

(ii)  lim  [length  of  cross  section  of  T ] =0;  and 

n+°o  n 

(iii)  Tn+^  is  wrapped  pn  times  around  the  hole  of  T . 

Also,  let  p, q e so  that  the  distance  from  p to  q is 
maximal,  and  specify  that  Tn  passes  through  p and  q for 
every  n.  (See  Figure  1.) 

Position  Za  in  R3  so  that  p = (0,0,0)  and  q = (0,0,1). 

Define  f:R3  - R3  by  f(x,y,z)  = (x,y,z+l),  and  let 

A — U f (l a) . Hence,  A is  the  union  of  a countable  number 
n>0 

of  copies  of  £a  placed  end  to  end.  (See  Figure  2.)  Now 
1 In  1 

H (A)  = n H (f  (E  ))  = II H (E  ) (the  countable  infinite 
n>0  a a 

product  of  copies  of  H1(E  )),  and  so  we  have  H1  (A)  = IIB  . 

^ cl 

Let  A = U f1(E  ),  i.e.,  A is  the  closure  of  A with 
i>n 

the  first  n copies  of  E deleted.  Since  A and  A are  closed 

« n 

3 O 

subsets  of  R , gA  and  gA^  are  contained  in  gR  , by  Lemma  3.1. 

Also,  An  is  connected  implies  that  gAn  is  connected,  by 

Lemma  3.2.  Hence,  gA  - A = n gA  is  a continuum  in 

3 3 n-°  n i 

R • Let  A*  - gA  - A.  We  now  wish  to  compute  HX(A*). 

By  Theorem  4.1,  there  is  an  exact  sequence 


0 ^ C(X)/C*(X)  ->  [ gx,  s1] 


[x^1]  -V  0, 
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Figure  1 


Figure  2 
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where  C (X)  is  the  additive  group  of  real  continuous  func- 
tions on  X,  and  C* (X)  is  the  subgroup  of  bounded  functions. 

Since  A*  = n BA  by  the  continuity  of  Cech  cohomology, 
n>0 

H^"  (A* ) = lim  H^(3A  ),  where  the  bonding  maps  are  induced  by 
inclusion,  i*:  H^(3An+^).  For  each  n,  we  have  the 

following  commutative  diagram: 

0 ->  C (A  ) /C*  (A  ) ->  [ BA  , S1]  ->  [A  ,S1]  + 0 

n n n 

i i*  1 i*  4-  i* 

n n n 

0 * C(An+1)/C*(An+1)  * [BA^.S1]  - tAn+1,sh  - 0 

This  diagram  gives  rise  to  the  following  exact  sequence: 

0 -►  lim  C(An)/C*(An)  + lim  [3An,SX]  + lim  [An,S1]  0. 

Since  [X^1]  - H1(X),  we  have  lim  ^A^S1]  - lim  H1(3An)  ^ 
(A* ) , and  lim  [A^S"*-]  - lim  H1  (An)  , where  the  bonding 
maps  are  i*.  Hence,  we  have  the  following  exact  sequence: 

0 + lim  C (A  ) /C*  (A  ) H1(A*)  + lim  H1  (A  ) + 0 

We  will  now  evaluate  these  direct  limits. 

Since  A^  differs  from  An+-^  by  a set  of  compact  closure, 
i£:  c(An)/c*(An)  C (An+i)  /c*  (An+1)  is  an  isomorphism. 

Hence,  an  easy  computation  shows  that  lim  C(An)/C*(An)  is 
isomorphic  to  C {A1 ) /C* (A± ) . Since  C(A1)/C*(A1)  is  a torsion 
free  divisible  group,  C(A-^)/C*(A^)  is  isomorphic  to  a direct 
sum  of  copies  of  Q,  the  rational  numbers  (see  [17]).  There- 
fore , 

lim  C(An)/C*(An)  = © Q. 


27 


Now  consider  lim  H1(An).  As  before,  H1  (A  ) is  iso- 
morPhic  to  nBa,  the  countable  infinite  product  of  copies  of 
Ba*  Tha  bonding  map  i * : H1^)  + H^A^)  is  defined  by 

i£ ^xi 'x2 ,x3 ' • • • ))  = (x2,x3'***)^  where  e Ba.  Now 

lim  H1(An)  is  isomorphic  to  (ZH1(An))/S  = (Z(nBa))/S,  where 
S is  the  subgroup  generated  by  i*(yR)  - yn,  yn  e h^A^. 

(See  [17],  page  29.)  Define  a map  g:  IIB  ->  (£(IIB  ) ) /S 
by  g(a)  = (a, 0,0,...)  + S.  We  now  show  that  g is  an  onto 
homomorphism  with  kernel  £Ba.  Clearly,  g is  a homomorphism. 
To  show  that  g is  onto,  let  (a,,  a,,...,  a ,0,0,...)  e Z(im  ), 
where  a^  e HBa,  say  a^  = (a^ , a? , a| , . . . ) . We  have  that 

(ai , a 2 , • • • # an  #0,0,...)  = (a^ , 0 , 0 , . . . ) + (0,a2,0,0,...) 

+ ...  + ( 0 , 0 , . . . , 0 , an , 0 , . . . ) . 

Now,  two  elements  in  £ (IIB  ) are  equivalent  in  £ (IIB  ) ) /S  if 
and  only  if  their  difference  is  in  S.  Hence, 

12  12 
(0, (a2 , a2 , • • • ) , 0 , 0 , . . . ) = ((0,a2,a2#..«) ,0,0,...)  and 

12  12 
(0, 0,  (3.^, — (0,  (0,a3,a3,...)  ,0,0,...) 

= ( (0,0,  a^f  a3, . . . ) , 0, 0f  . . . ). 


In  general , 


1 2 

( 0 , . . . , 0 , (a^ , a^ ,...), 0 , ... ) 


1 2 

( ( 0 , . . . , 0 , a^ , a^ , . . . ) ,0,0,...) 

i-1 


Therefore,  (ax , a2 , . . . , aR , 0 , 0 , . . . ) s (a| , 0 , 0 , . . . ) where 
al  e ^Ba'  an<^  9 (a|)  = (aq , a2 , • • • , an , 0 , 0 , . . . ) . Hence,  g is 
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onto.  To  show  that  the  kernel  of  g is  ZB  , it  suffices 
to  show  that  if  a = (a1 , a2 , a3 , . . . ) is  an  element  of  IlBa, 
then  (a,  0,0,...)  is  equivalent  to  0 in  (E(IIB  ) ) /S  if  and 
only  if  a has  only  a finite  number  of  nonzero  entries. 

If  a has  a finite  number  of  nonzero  entries,  say 

then 

(a,0,0,...)  — (0,  (a2  » a^ , . . . , an , 0 , • • • ) ,0,0,...) 

— (0,0, (a^ , a^ , . . . , an , 0 , • • • ) ,0,0,...) 


— (0,0,. ..,0,  (an , 0 , . . . ) ,0,...) 
= (0,0, . . . ,0,  (0,0, . . . ) ,0,  . . . ) 

= 0. 


Conversely,  if  a has  an  infinite  number  of  nonzero  entries, 
we  see  that  (a, 0,0,...)  is  never  equivalent  to  (0,0,...). 
Therefore,  the  kernel  of  g is  EB  . 

Now,  since  g is  an  onto  homomorphism  with  kernel  EBa, 
g induces  an  isomorphism  (E(IIB  ))/S  - (IIB  )/(EB  ).  Letting 
nBa  denote  the  group  (IlBa)/(EBa),  we  obtain  the  result  that 
lim  H1 (A  ) - rfe  . 

n 3 

By  these  two  evaluations,  we  get  the  following  exact 
sequence : 

0 -*  ® Q + H1  (A* ) -*  nB  -*■  0 . 
c a 
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Since  © Q is  divisible,  the  sequence  splits  (see  [6]),  and 
H (A*)  - IIBa  © (ffiQ).  Thus  we  have  constructed  a continuum 
A*  in  3R3  - R3  with  H1(A*)  =:  nBa  © ((§  Q)  . 

For  any  b e A,  b * a,  we  can  construct  a continuum  B* 
in  BR3  - R3  in  an  analogous  manner  such  that  H1(B*)  is 
isomorphic  to  nBb  © (ffiQ) . We  will  show  that  for  a,b  e A 
such  that  a * b,  H3(A*)  is  not  isomorphic  to  H^(B*). 

Suppose  h:  H^(A*)  ->  H3(B*)  is  an  onto  isomorphism. 

Then  IlBa  © ( ©Q ) - ffBb  © (®Q)  . Either  pa  “ Pb  54  0,  or 
Pk  “ pa  * 0r  so  without  loss  of  generality  assume  that 
pa  “ Pk  * and  let  p e Pa  - Pb>  Consider  the  class  rep- 
resented by  the  element  (1,1,1,...)  © (0)  of  fiBb  © (ffiQ) . 

There  is  an  element  (a1 , a2 , a3 , . . . ) © (q) , where 
(al,a2,‘’*)  e nBa  and  (3)  e ©Q  such  that 

h ( (a^ , a2 , . . . ) © (q))  = (1,1,1,...)  © (0). 

Now,  a^/p  is  an  element  of  Ba  for  every  i,  so 

i(  (ab,  a2 , . . . ) © (q)  ) is  an  element  of  IlBa  © (ffiQ).  Let 

® (<3I  ) t>e  a representative  for  the  equivalence 
class  of  h(i( (a1,a2, . . . ) © (q) ) ) . Then, 

p((c1,c2, ) © (q’))=  ph(^( (a1,a2, . . .)  © (q) ) ) 

= h(£( (a1,a2, . . . ) © (q) ) ) 

— h ( (ab , a2 , . . . ) © (q)) 

= (1,1,1, . . . ) © (0) . 

This  implies  that  P(c-^,c2,...)  is  equivalent  to  (1,1,...), 
which  implies  p(clfc2,...)  - (1,1,1,...)  is  an  element  of  EB^. 
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Hence,  p(c^,C2,-*.)  (1,1,1,...)  — ( b^ , b2  ,...,  b^  ,0,0,...), 

with  equality  in  IIB^ . This  implies 

P (C1 , c2  , ’ ’ * ) — (t’l+l , b2+l , • • • , b^+  1/1,1,1,»*»)« 

So,  for  m > n + 1,  pc  = 1,  which  implies  c = 1/p.  But  p 

m m c 

does  not  occur  in  Pb,  so  1/p  is  not  an  element  of  Bb,  and, 
hence,  cm  cannot  be  an  element  of  Bb,  which  is  a contradic- 
tion. Hence,  H‘*'(A*)  is  not  isomorphic  to  H^B*). 

Since  there  are  c choices  for  a e A,  we  have  constructed 

3 3.  v 

c continua  in  gR  - R with  nonisomorphic  first  Cech  coho- 
mology groups.  Since  two  spaces  with  nonisomorphic  Cech 
cohomology  groups  have  different  shapes,  we  have  the 
following  corollary. 

Corollary  4.1:  There  are  c continua  in  BR  - R , no 

two  of  which  have  the  same  shape. 

In  the  next  theorem,  we  will  modify  the  construction 

• C o Q 

m Theorem  4.1  to  form  2 compacta  in  BR  - R with  dif- 
ferent shapes.  The  proof  will  depend  heavily  on  Lemma  3.3, 
and  the  fact  that  a shape  equivalence  between  two  spaces 
induces  a shape  equivalence  between  the  isolated  components 
of  the  spaces. 

c 3 3 

Theorem  4.2:  There  are  2 compacta  in  3R  - R , no 

two  of  which  have  the  same  shape. 
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Proof  of  Theorem  4.2 

Theorem  4.2  is  a continuation  of  Theorem  4.1.  Suppose 

A,  A,  and  A*  are  as  in  the  proof  of  Theorem  4.1.  For  each 

3 3 

a e A,  we  have  constructed  a continuum  A*  in  3R  - R such 

that  for  a * b,  Sh(A*)  * Sh(B*).  Now  for  each  subset  of  A 

3 3 

of  cardinality  c,  we  will  construct  a compactum  in  gR  - R 
such  that  if  S^,S2  £ A,  S-^  * S2,  and  card  S^  = card  S2  = c, 
then  the  corresponding  compacta  will  have  different  shapes. 

Since  there  are  2C  subsets  of  A of  cardinality  c,  this  will 

c 3 3 

exhibit  2 nonshape  equivalent  compacta  in  3R  - R . 

Let  S £ A such  that  card  S = c.  There  is  a one-to-one 

correspondence  between  elements  of  S and  real  numbers  r such 

that  0 < r < 2 tt  . So,  to  each  element  a of  S,  we  correspond 

. 3 3 

to  a unique  number  ra  e [0,2tt).  Let  h : R -*  R be  a 

a 

rotation  of  the  y-z  plane  ra  radians.  Define  A = h (A) , 

r a 

where  A is  as  defined  above.  As  before, 

H1(A*)  = ffBa  © (©  Q)  , 

where  A*  = 3A  - A . Let  Cc  = U A*  (closure  in  3R^) . 

J-  Jl  IT  O 0 2T 

aeS 

3 3 

Then  Cg  is  a compact  subset  of  gR  - R . 

Now,  choose  a e S and  consider  A*  Let  N be  a neigh- 

r a j 

borhood  of  the  ray  hr  ({(0,0,z):  z e R+})  of  radius  2.  By 

a 

construction,  £ Na.  For  any  b e S,  b * a,  there  is  a 
(bounded)  neighborhood  about  the  origin,  such  that  Na  n Br 
is  contained  in  this  neighborhood.  Hence,  by  Lemma  3.3, 

A*  is  an  isolated  component  of  Cg. 
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Note  that  these  are  the  only  isolated  components,  for 

if  X £ Cq  - U A* , then  any  open  set  containing  X also 
aeS 

contains  points  of  U A*  since  every  point  of  X is  a limit 

aeS 

point  of  U A* . 

aeS  r 

Now,  for  S^,S2  £ A with  * S2  and  card  = card  S2  = c, 

the  shape  of  Cc  is  different  from  the  shape  of  Cc  . This 
bl  s2 

follows  from  the  fact  that  if  Sh(Cc  ) = Sh(C  ),  then  each 

bl  S2 

isolated  component  of  C is  shape  equivalent  to  an  isolated 

bl 

component  of  Cg  . Either  S1  - S2  * 0,  or  S2  - S1  * 0,  so 

without  loss  of  generality  assume  that  S1  - S2  * 0,  and  let 
a e - S2>  Then  A*  is  an  isolated  component  of  Cg  which 

is  not  shape  equivalent  to  any  isolated  component  of  Cc  , 

b2 

which  implies  that  Sh(C  ) * Sh(Cc  ). 

bl  S2 

Hence,  there  are  2C  compacta  in  gR3  - no  two  of 

which  have  the  same  shape.  Since  there  are  at  most  2C 

• 3 p 3 3 

compacta  in  $R  , there  are  exactly  2 compacta  in  3R  - R 

no  two  of  which  have  the  same  shape. 

Corollary  4.2:  For  n > 3,  there  are  2C  compacta  in 

8Rn  - Rn,  no  two  of  which  have  the  same  shape. 

Proof  of  Corollary  4.2 

Corollary  4.2  follows  from  Lemmas  3.1  and  3.5  and  the 

3 n 

fact  that  R is  a closed  subset  of  Rn  for  n > 3. 
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In  Theorem  4.3,  we  will  modify  the  construction  in 

3 i 

Theorem  4 . 2 by  adding  a subset  of  gR  - RJ  to  each  of  the 
above  compacta  already  formed.  This  will  transform  the 
compacta  into  continua,  and  a dimension  theoretic  argument 
will  show  that  any  two  of  them  are  not  homeomorphic . 

Theorem  4.3;  There  are  2 nonhomeomorphic  continua  in 

3 3 

gR  - R . 

Proof  of  Theorem  4.3 

As  in  the  proof  of  Theorem  4.2,  let  S c A such  that 

card  S = c;  A = h (A);  and  Cc  = U A* *  . 

r r Sr 

a ae  S 

Consider  a plane  P tangent  to  each  solenoid  of  (J  A . 

, c r 
ae  S 

This  is  possible  since  all  of  the  solenoids  in  uAr  are 
uniform,  so  any  plane  parallel  to  the  y-z  plane  and  tangent 
to  one  of  the  solenoids  will  be  tangent  to  all  of  them.  Then 

3 -d  O 

P is  a closed  subset  of  R , so  P*  = 3P  - p c gR  - R . Let 
X = Cs  u P*. 

We  will  first  show  that  X is  a continuum  in  gR3  - R3 . 

• 3 3 

Since  Cg  and  P*  are  closed  in  gR  - R , C u P*  is  closed 

and,  hence,  compact.  Now,  suppose  uA*  u P*  c u u V,  where 

3 

U and  V are  open  in  gR  and  U n V = J3.  Since  P*  is  con- 
nected, P*  £ U or  P*  c v,  say  P*  c U.  Since  P*  n A*  * 0, 

A*  n U * 0.  Then,  since  A*  is  connected.  A*  £ U for  every 
A*.  Hence,  uA*  £ u,  which  implies  that  (uA*)  u P*  £ U and, 
hence,  uA*  u P*  £ U.  Therefore,  uA*  u P*  = X is  connected, 
and  X is  a continuum. 
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Now  suppose  C_  = U B*  is  the  result  of  a collection 

beT 

of  solenoids  corresponding  to  the  subset  T of  A,  where 

card  T = c and  T * S.  Then  Y = u P*  is  also  a continuum 

3 3 

in  3R  ~ R . 

We  will  shown  that  X and  Y are  not  homeomorphic . The 
method  will  be  as  follows.  If  h is  a homeomorphism  from  X 
onto  Y,  then  we  will  show  that  h(Cg)  = C,p,  which  implies 
that  Cg  and  CT  are  homeomorphic,  contradicting  the  fact  that 
Cg  and  CT  have  different  shapes  by  Theorem  4.2  and,  there- 
fore, are  not  homeomorphic. 

So,  suppose  h is  a homeomorphism  from  X onto  Y.  To 
show  that  h(Cg)  = CT,  first  consider  an  element  x of  A*  such 
that  x is  not  an  element  of  P*. 

As  in  Theorem  4.2,  A*  is  an  isolated  component  of  Cg, 
so  there  is  a set  V,  open  in  gR  such  that  A*  c v and 
(Cg  - A*)  n V = 0.  Since  X is  normal,  there  exists  an  open 
set  U containing  x such  that  U n P*  = 0.  Then  U n V c A* 
and  x e U n V.  Also,  (U  n V)  n P*  = 0. 

Suppose  h(x)  is  not  an  element  of  CT.  Then  h(x)  is 
contained  in  P*  n (Y  - CT) . Hence,  there  is  an  open  set  N 
of  Y such  that  h(x)  e N and  N n = 0.  Consider  the  set 
[h(U  n V) ] n N.  This  is  an  open  set  of  h(x)  contained  in 
P*.  By  Lemma  3.4,  there  is  a set  W,  open  in  P*,  such  that 
W £ h(U  n V)  n N and  dim(W)  = 2.  Since  P*  is  closed,  W is 
a closed  subset  of  Y that  contains  h(x)  with  dim(W)  = 2 and 

W c h (U  n V) . Now  h ^ (W)  c U n V is  a closed  subset  of  A* 

— — r 

containing  x.  Since  h 1 is  a homeomorphism,  h-1  preserves 
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dimension,  so  h ^ (W)  has  dimension  2.  This  says  that  A*  has 
a closed  subspace  of  dimension  2,  which  implies  dim (A*)  > 2. 
But  Theorems  2.2  and  2.3  imply  that  dim (A*)  = 1,  since 
solenoids  have  dimension  1.  This  contradicts  the  fact  that 
h is  a homeomorphism.  Hence,  h(x)  e CT. 

Now,  suppose  that  x is  an  element  of  A*  n P*.  We  will 
show  that  x is  a limit  point  of  A*  n (X  - P*) . Then,  by 
the  above  argument,  since  h (A*  n (X  - p*) ) c cT,  it  follows 
that  h(x)  e CT- 

3 3 

Let  U be  an  open  set  in  gR  - R containing  x.  There 

3 3 _ 

is  a set  W,  open  in  gR  - R , such  that  x e W c W £ u.  Now, 

3 3 3 

W = (gR  - R ) n V,  where  V is  open  in  gR  . Since  V is  an 

open  set  containing  x e A*  = gAr  - Ar,  V n Ar  * 0.  This 

implies  that  V intersects  an  infinite  number  of  solenoids 

of  Ar.  (If  V intersects  only  a finite  number,  say  £ is  the 

union  of  the  solenoids  that  intersect  V,  then  V n (R3  - £) 

is  an  open  set  of  x missing  A . ) 

3 

Now,  let  (xn:  n > 1}  £ Ar  n V n (R  - P)  such  that  the 
norm  of  xn  tends  to  infinity  as  n tends  to  infinity.  This 
is  possible  since  V n R is  open,  and  A n P is  a countable 
set.  Let  y e g({xn:  n > 1})  - {xn:  n > 1}  c gR3  - R3. 

Since  xn  e Ar  for  every  n,  y e gAr  - Ar«  Now,  define  f on 
P u (xn:  n > 1}  by  f(P)  = 0 and  f (xn)  = 1 for  every  n. 

Since  P u {xn:  n > 1}  is  closed  in  R , there  is  a continu- 

■ 3 — 

ous  extension  of  f to  all  of  R , say  T.  Then  f can  be 

extended  continuously  to  gR  , say  by  gf.  Now  gf(xn)  = 

for  every  n implies  that  gf(y)  = 1.  Since  gf(P)  = 0, 
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gf(P)  - 0.  Hence,  y <£  $1? . Also,  xn  e V for  every  n,  which 
implies  that  y e V — R , and  hence  y e W c u.  Therefore, 

U n (A*  - P*)  * 0 , which  implies  that  x is  a limit  point  of 
A*  n (X  - P*) . Hence,  h(x)  e CT. 

By  the  above  arguments,  h(A*)  £ CT  for  every  A*.  Then 

h(uA*)  c cT,  which  implies  h(uA*)  c CT  = CT,  and,  hence, 

h(Cg)  £ CT.  Similarly,  h ^ (CT)  £ Cg,  which  implies 

CT  £ h(Cg).  Therefore,  h(Cg)  = CT  and  Cg  and  CT  are  homeo- 

morphic.  This  contradicts  Theorem  4 . 2,  since  Sh(Cc)  * Sh (C  ). 

o T 

Hence,  X and  Y are  not  homeomorphic. 

By  Theorem  4 . 2,  there  are  2C  choices  for  X,  and  since  no 

two  of  them  are  homeomorphic,  there  are  2C  nonhomeomorphic 
3 3 

contmua  m $R  - R . 

Corollary  4.2:  For  n > 3,  BRn  - Rn  contains  2° 

nonhomeomorphic  continua. 

Corollary  4.3:  Let  X and  Y be  as  in  the  proof  of 

Theorem  4.3.  Then  there  does  not  exist  a continuous  map 
f : X -»■  Y that  induces  a shape  equivalence.  In  particular, 

X and  Y are  not  homotopic. 

Proof  of  Corollary  4.3 

By  Theorem  2.4,  if  f is  a continuous  map,  f:  X -»■  Y, 
which  induces  a shape  equivalence,  then  f is  a homeo- 
morphism,  contradicting  Theorem  4.3. 
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Note  that  Corollary  4.3  does  not  imply  that  X and  Y 
are  not  shape  equivalent,  since  there  are  shape  morphisms 
that  are  not  induced  by  continuous  functions,  as  we  saw  in 
the  case  of  the  Warsaw  circle  and  S1. 

Also,  note  that  since  solenoids  cannot  be  embedded  in 

2 

R , the  same  argument  fails  in  the  case  n = 2.  In  fact, 
the  method  of  Theorem  4.1  fails  in  general  for  , since 
the  cohomology  of  a continuum  in  the  plane  is  either  0 or 
a direct  sum  of  copies  of  Z,  the  integers. 


CHAPTER  FIVE 

CONTINUA  IN  THE  STONE-CECH  REMAINDER  OF  RZ 

2 2 

We  will  now  establish  the  fact  that  3R  - R also  con- 
tains 2C  nonhomeomorphic  continua.  The  construction  in  this 
case  is  much  more  complicated  than  in  the  case  of  R , and 
the  proof  depends  heavily  on  Theorems  2.2  and  2.3,  and 

Lemma  3.3.  Throughout  the  proof,  the  image  under  a rotation 
2 . 2 

of  R of  a set  in  R of  the  form 

{ (x,y) : x > 0,  a < y < y;  a,y  e R} 
will  be  called  a thickened  ray . 

c ... 

Theorem  5.1:  There  are  2 nonhomeomorphic  continua  m 


Proof  of  Theorem  5.1 

For  the  sake  of  clarity,  we  consider  first  the  con- 

2 2 

struction  of  c nonhomeomorphic  continua  in  gR  - R . We 

will  then  apply  these  arguments  and  results  in  the  con- 

c 2 2 

struction  of  2 nonhomeomorphic  continua  in  gR  - R . 

Consider  a collection  (P3  : a e A}  where  each  P3  is 

d cl 

an  infinite  subset  of  positive  integers;  for  a * b,  either 
Pa  - P^  ^ 0 or  P^  - Pa  0;  and  card  A = c.  For  p e P , 
consider  the  two  rays  {(x,y)  : x > 0,  y = 1/p}  and 
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{(x,y)  : x > 0,  y = l/(p+l)}.  Between  these  rays,  consider 

p disjoint  thickened  rays,  say  T (p,n),  where  n = l,2,...p, 
and  labeled  so  that  if  n-^  < , the  y-coordinate  of  any 

point  in  Ta(P/n^)  is  greater  than  the  y-coordinate  of  points 
in  Ta (p,n2) . 

Let  L(n)  = { (x,y)  : x > 0,  y = 1/n},  and  let 

2 2 

C(n)  = { (x,y)  : x +y  = n,  x > 0,  0 < y < 1}.  The 

situation  is  similar  to  the  one  described  in  Figure  3. 

The  continuum  X will  be  formed  as  follows.  Let  T 

a 

, v 

denote  the  union  of  the  Stone-Cech  remainders  of  the  thick- 
ened rays  Ta(p,n),  L the  union  of  the  remainders  of  the 

rays  L(n),  and  C the  remainder  of  the  union  of  the  curves 

o 

C(n).  Then  X will  be  the  closure  in  £R  of  the  union  of 
these  sets,  i.e.,  X = T u L u C.  (Note  that  X is  not  the 

cL 

Stone-^ech  remainder  of  the  closure  in  R2  of  the  union  of  the 
rays  and  curves.)  We  first  show  that  X is  a continuum  in 


Suppose  X £ U u V,  where  U and  V are  open  subsets  of 

2 

BR  / and  U n V = 0.  Let  p e Pa,  1 < m < p,  and  consider 
v 

the  Stone-Cech  remainder  of  T (p,m) , T*(p,m).  Since 

c*  cl 

T*(p,m)  is  connected,  it  is  contained  in  U or  in  V,  say 

T*(p,m)  £ U.  Then,  since  C (n)  intersects  Ta(p,m)  for 

v 

every  n > 1,  each  component  of  the  Stone-Cech  remainder 

of  U C(n)  must  also  intersect  T*(p,m),  and  hence,  must  be 
n>l  a 

contained  in  U.  Therefore,  C £ U.  Now,  for  any 
P1  e P_, , 1 < m'  < p' , T (p',m')  intersects  C(n)  for 
every  n > 1,  so  T*(p',m')  n U * 0.  Hence,  T*(p',m')  c u. 

a.  3.  — 
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Figure  3 
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Therefore,  c U,  which  implies  Ta  c u.  Similarly,  each 
L(m)  intersects  C(n)  for  every  n > 1,  and  hence,  L c u. 
This  implies  L £ U,  and  so, 

X = T uLuCcU. 

a.  — 

Therefore,  X is  connected.  Since  X is  also  compact,  X is 
a continuum. 

For  a different  subset  of  positive  integers,  we 

define  Tb  analogously,  and  let  Y = Tb  u L u C.  Then  Y is 

2 2 

also  a continuum  in  @R  - R . 

We  will  show  that  X and  Y are  not  homeomorphic . Sup- 
pose h is  a homeomorphism  from  X onto  Y.  We  begin  by 

showing  that  h(T  ) = T,  . 

a b 

Suppose  x e T*(p,n)  = g(T_(p,n))  - T (p,n)  for  some 

cl  ci  cl 

PeP-,/  1 < n < p,  so  that  x is  not  an  element  of  C - T . 
a a 

Then,  since  T*(p,n)  n L = 0,  there  is  a neighborhood  N(x) 
of  x in  X such  that  N(x)  c T*(p,n).  Suppose  h(x)  is  not 
an  element  of  Tb-  Then  h(x)  e L or  h(x)  e C - (L  u Tb)  . 

But  C - (L  u Tb)  is  open  in  Y,  so  each  point  of  C - (L  u Tb) 
has  a neighborhood  of  dimension  < 1,  since  dim(C)  = 1. 

Since  any  neighborhood  of  x has  dimension  2,  by  Lemma  3.4, 
h (x)  cannot  be  an  element  of  C - (L  u Tfa) . Hence, 
h(x)  e L.  Then  h(N(x))  is  a neighborhood  of  h(x),  which 
implies  there  is  a point  y e L such  that  y e h(N(x)). 

But  since  y e L,  y has  neighborhoods  of  dimension  < 1, 
while  every  neighborhood  of  h-1 (y)  has  dimension  2,  since 
h (y)  e N(x)  and  N(x)  c T*(p,n).  This  is  a contradiction, 
and  so  it  follows  that  h(x)  e Tb> 
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Next,  we  will  show  that  every  point  of  T*(p,n)  is  a 
limit  point  of  such  points  x.  From  this  it  will  follow 
that  h (T* (p,n) ) £ T^. 

Let  x e T*(p,n) , and  let  U be  an  open  subset  of  X con- 
taining x.  There  is  a set  W,  open  in  X,  such  that 

_ 2 
x e W c W c U.  Then  W = X n V,  where  V is  open  in  3R  . 

2 2 

Now,  V n R is  an  open  subset  of  R that  intersects  T (p,n) 

cl 

2 

in  an  unbounded  set.  Let  {xn:  n > 1}  _c  V n R n Ta(p,n) 

such  that  the  norm  of  x^  approaches  infinity  as  n tends  to 

infinity,  and  each  xn  is  not  an  element  of  C (m) , for  any  m. 

2 

This  is  possible  since  V n R n Ta(P/n)  is  an  open  subset 
of  T (p,n) . Let  y e (x  : n > 1}  - {x  : n > 1}  c 3R2  - R2 . 

^ XI  X 1 

— 2 — 

Since  xn  e V for  every  n,  y e V - R , and  hence,  y e W c_  U. 
Now  define 

f:  U C(n)  u {x  : n > 1}  ■+  [0,1] 

n>l  n 

by  f ( U C(n))  = 0,  and  f (x  ) =1  for  every  n.  Since 
n>l  n 

2 

( U C(n))  u (x  : n > 1}  is  closed  in  R , there  is  a con- 
n>l  n 

2 — — 

tmuous  extension  of  f to  all  of  R , say  f.  Then  f can  be 

2 — — 

continuously  extended  to  3R  , say  by  3f.  Now,  3f(xn)  = 
f(xn)  = 1 for  every  n implies  3f (y)  = 1.  Since 

3f  ( U C(n)  ) = f ( U C(n)  ) = 0 , 
n>l  n>l 

it  follows  that  3f (C)  = 0.  Therefore,  y is  not  an  element 
of  C,  and  hence,  x is  a limit  point  of  T*(p,n)  - C. 
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By  the  above  argument,  h(T*(p,n))  c t^  for  every  pair 
(p,n)  with  p e P , 1 < n < p.  Therefore,  h(T^)  c t,  , 

d a.  — £) 

which  implies  h(T&)  c Tb.  Similarly,  h(Tfa)  c T , and  so 

h(T  ) = T * 
a b 

Now,  h must  take  the  isolated  components  of  to  the 
isolated  components  of  T^.  These  are  precisely  the  sets 
T*(p,n)  and  T*(q,m),  respectively.  So,  for  every  pair 
(p,n)  with  p £ P , 1 < n < p,  we  have  h(T*(p,n))  = T*(q,m) 

for  some  q e P^,  1 < m < q. 

Since  a * b,  either  Pa  - Pb  * 0 or  Pb  - Pa  * 0 , so 
without  loss  of  generality  assume  P,  - P * 0,  and  let 
q e pb  “ pa*  For  some  pair  (p,n),  p e PQ,  1 < n < p, 

h(T*(p,n))  = T£(q,l).  We  may  assume  p < q since  p * q. 

Then  there  are  integers  m,m'  such  that  1 < m < q, 

1 < m'  < q,  with  h ^(T*(q,m))  = T*(p,i)  for  some  i,  and 
h 1(T*(q,m'))  = T*(p',n')  for  some  p'  £ Pa,  p'  * p, 

1 < n'  < p',  and  |m  - m'|  =1.  Now,  T*(q,m)  and  T*(q,m') 
separate  Y into  two  connected  components  and  one  dis- 
connected component  (since  |m  - m'|  =1).  However, 
h_1(T*(q,m))  = T*(p,i)  and  h”1 (T* (q ,m ' ) ) = T*(p',n') 
separate  X into  three  connected  components,  since  p * p' . 
This  is  a contradiction;  hence,  X and  Y are  not  homeo- 
morphic . 

2 2 

So  far,  we  have  constructed  c continua  in  BR  - R 
no  two  of  which  are  homeomorphic . We  will  now  modify  the 
construction  to  obtain  2C  nonhomeomorphic  continua  in 
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Let  S c_  A such  that  card  S = c.  There  is  a one-to- 

one  correspondence  between  elements  of  S and  real  numbers 

r such  that  0 < r < 2tt  . So,  each  a e S corresponds  to  a 

2 2 2 

unique  ra  e [ 0 , 2rr ) . Let  hr  : R ->  R be  a rotation  of  R 

L a 

by  ra  radians.  For  each  element,  a,  of  S we  will  construct 

a continuum  in  the  manner  of  the  first  section,  except 

along  the  ray  hr  ({(x,y)  : x > 0,  y = 0}).  We  will  then 

a 

take  the  union  of  these  along  with  the  Stone-^ech  remainder 

2 2 

of  the  set  U { (x,y)  : x + y = n}.  More  precisely,  let 

n>l 

Ra(P'n)  = hr  (Ta(P/n))/  P e Ra/  1 < n < p,  and 
a 

Qa(n)  = hr  (L(n)).  Then  let  Rg  denote  the  union  of  the 
a 

Stone-^ech  remainders  of  the  thickened  rays  R (p,n) , where 

ae  S,  p e PQ,  1 < n < p;  Q the  union  of  the  remainders  of 

the  rays  Qa(n);  and  K the  remainder  of  the  union  of  the 

2 2 

circles  {(x,y)  : x + y = n},  for  n > 1.  Let  X be  the 

2 

closure  in  gR  of  the  union  of  these  sets,  i.e., 

X = Rs  u Q u K.  An  argument  similar  to  the  one  used  in 

the  first  construction  of  the  proof  shows  that  X is  a 

continuum.  For  another  subset  T of  A such  that  T * S 

and  card  T = c,  we  define  RT  analogously,  and  let 

Y = RT  u Q u K.  Then  Y is  also  a continuum  in  gR  - R . 

We  will  show  that  X and  Y are  not  homeomorphic . 

Suppose  h is  a homeomorphism  from  X onto  Y,  and  consider 

Rg  u Q.  Fix  a e S,  and  let  N-^,^  be  neighborhoods  of  the 

raY  ( { (x , y ) : x > 0,  y = 0})  of  radius  2,3,  respec- 
L a 

2 

tively.  Let  f:  R + [0,1]  be  a continuous  function  such 
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2 

that  f(N-^)  = 0 and  f (R  - N2)  = 1.  Then  f has  a continuous 
extension,  gf,  to  all  of  gR2.  For  peP,  1 < n < p and 
m > 1,  since  R (p,n)  and  Q= (m)  are  contained  in  N,  , 
gf(R*(p,n))  and  gf (Q* (n) ) are  both  0.  On  the  other  hand, 

3 3 

if  a * a ' e S,  q e P ,,  1 < n'  < q,  and  m'  >1,  then  outside 
of  some  compact  set  (that  depends  on  a'),  R , (q,n')  and 
Qa, (m' ) are  subsets  of  N2>  Therefore,  gf (R* , (q , n ' ) ) and 
gf(Q*i(m'))  are  both  1.  This  implies  that  the  closure  of 
the  union  of  all  sets  of  the  form  R*(p,n)  (p  £ Pa, 

1 < n < p)  and  Q* (m)  (m  > 1)  is  isolated  in  Rg  u Q.  Hence, 
an  argument  identical  to  the  one  in  the  preceding  section 
shows  that  h(Rg)  = R,^. 

Now,  h must  take  the  isolated  components  of  R to  the 

isolated  components  of  R^.  These  are  precisely  the  sets 

R*(p,n),  a £ S,  and  R£(q,m),  b £ T,  respectively,  by 

Lemma  3.3.  So,  for  every  a e S and  pair  (p,n)  with  p £ P , 

1 < n < p,  we  have  h(R*(p,n))  = R*(q,m),  for  some 

b e T,  q £ P^,  1 < m < q. 

Either  S - T * 0 or  T - S * 0,  so  without  loss  of 

generality  assume  T - S * 0 , and  let  bQ  e T - S.  Let 

q £ P and  consider  R*  (q , 1 ) . For  some  an  £ S,  p £ P , 

D0  U a0 

and  1 < n < p,  h(R*  (p,n))  = R*  (q,l).  Since  an  * bn,  by 

a0  b0  00 

an  argument  similar  to  the  one  used  to  show  the  continua  in 
the  first  section  were  not  homeomorphic , not  every  com- 
ponent of  the  form  R*  (q',m)  can  have  as  its  inverse  image 

b0 

under  h a component  of  the  form  R*  (p',n').  Hence,  there 

a0 
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is  an  element  a,  of  S,  p'  e P , and  1 < n'  < p' , such  that 
1 ax 

a-,  * a_  and  h(R*  (p',n'))  = R£  (q',m)  for  some  q'  e P , 

0 ai  bo  b0 

1 < m < q ' . 

Now,  R*  (p,n)  and  R*  (p',n')  separate  X into  two  con- 
a0  al 

nected  components  of  R . However,  h(R*  (p,n))  = R*  (q,l) 

s a0  b0 

and  h(R*  (p',n'))  = R*  (q',m)  separate  Y into  either  one 
al  b0 

connected  and  one  disconnected  component  (in  case  q = q1, 
m = 2),  or  into  two  connected  components  where  one  contains 
an  infinite  number  of  isolated  components  of  Rm  and  the  other 
contains  only  a finite  number  of  isolated  components  of  R^. 

Since  h is  an  onto  homeomorphism  that  takes  the  iso- 
lated components  of  R^  to  the  isolated  components  of  RT, 
this  is  a contradiction.  Hence,  X and  Y are  not  homeo- 
morphic . 

Since  A contains  2 subsets  of  cardinality  c,  there 
c 

are  2 choices  for  X,  no  two  of  which  are  homeomorphic . 

Hence,  by  Lemma  3.5,  since  there  are  at  most  2C  continua  in 
2 2 

6R  - R , there  are  exactly  2C  nonhomeomorphic  continua  in 

2 2 

6RZ  - R . 


Corollary  5.1:  Let  X and  Y be  as  in  the  proof  of  the 
above  theorem.  Then  there  does  not  exist  a continuous  map 
f:  X ->  Y that  is  a shape  equivalence.  In  particular,  X and 
Y are  not  homotopic. 
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Proof  of  Corollary  5.1 

By  Theorem  2.4,  if  f (X)  = Y is  any  continuous  map 
which  induces  a shape  equivalence,  f is  a homeomorphism. 
Hence,  since  X and  Y are  not  homeomorphic , there  does  not 
exist  such  an  f. 

In  the  first  part  of  the  proof  of  Theorem  5.1,  it 
would  have  been  simpler  to  let  A be  the  union  of  the  regu- 
lar and  thickened  rays,  along  with  the  curves  C(n)  and 

2 2 

the  positive  x-axis,  and  let  X = 3A  - A £ 3R  -R.  How- 
ever, in  this  case,  any  neighborhood  of  a point  p in  the 

remainder  of  the  x-axis  in  X has  dimension  2,  by  Lemma  3.4 

2 _ 

(let  B,  = A n { (x,y)  e R : y < k})  , yet  p is  not  in  T . 

K a. 

— 2 

To  see  that  p is  not  in  T , let  h:  R ->  [0,1]  where 

cl 

h ( { (x,y)  : x > 2,  0 < y < l/(x2)})  = 1,  and 

h ( { (x , y ) : x > 2,  y > 1/x})  = 0.  Then  h(Ta)  = 0 implies 
3h(T  ) = 0,  but  3h(p)  = 1.  Thus,  if  we  had  used  the  above 

a. 

definition  for  X instead  of  the  one  given  in  the  proof  of 
the  theorem,  we  would  not  have  been  able  to  show  that  the 
sets  T*(p,n)  would  be  sent  to  the  sets  T*(q,m)  under  a 
homeomorphism  from  X onto  Y. 


CONCLUSION 


In  [8],  [9],  [10],  [11],  and  Chapters  Four  and  Five, 

the  usefulness  of  shape  theory  in  the  study  of  the  Stone- 
v 

Cech  compactxf icatxon  has  been  demonstrated,  both  xn  shape- 
theoretic  results  and  results  that  are  not  specifically 
stated  in  shape-theoretic  terms.  From  Chapter  Four,  we 
known  that  for  n > 3,  the  Stone-^ech  remainder  of  Rn  con- 
tains at  least  c nonshape  equivalent  continua.  It  seems 
reasonable  that  the  continua  constructed  in  Theorem  4.3  may 

Q 

be  shown  to  have  different  shapes,  thereby  exhibiting  2 

nonshape  equivalent  continua  in  gRn  - Rn  for  n > 3.  It  is 

yet  unknown  whether  or  not  two  continua  in  the  Stone-^ech 

remainder  of  Rn  are  shape  equivalent  if  and  only  if  they  are 

homeomorphic  (by  Theorem  2.2  there  cannot  be  a continuous 

function  that  induces  such  a shape  equivalence  unless  it  is 

2 2 

a homeomorphism) . If  this  were  the  case,  then  BR  " R 
would  also  contain  2C  continua  with  different  shapes  by 
Theorem  5.1.  We  contrast  these  possibilities  with  the 
different  shape  types  of  continua  in  Rn. 

For  n = 1,  the  only  continua  in  Rn  are  intervals, 
which  have  trivial  shape.  For  n > 3,  Rn  contains  exactly 
c continua  with  different  shapes.  This  follows  from  the 
fact  that  there  are  c solenoids  with  nonisomorphic  first 
C^ech  cohomology  groups  and,  hence,  different  shapes  and 
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n ■ 2 

that  R contains  only  c closed  sets.  For  the  case  of  R , 

however,  it  is  not  difficult  to  see  that  there  are  only 

countably  many  continua  with  different  shapes,  using  the 

definition  of  shape  as  presented  by  S.  Mardesic  and  J.  Segal 

2 

in  [14] . The  continua  in  R can  be  classified  up  to  shape 

according  to  the  number  of  bounded  components  contained  in 

the  complement  of  each  continuum.  By  taking  neighborhoods 

of  radius  1/k  (k  > 1)  of  a given  continuum  X,  we  can  obtain 

an  inverse  sequence  with  X as  its  limit  that  is  homotopy 

equivalent  to  an  inverse  sequence  of  unions  of  circles; 

each  bonding  map  will  be  the  identity  on  some  of  the  circles, 

sending  the  other  circles  to  points.  This  follows  from  the 

fact  that  every  1/k  neighborhood  of  X is  homeomorphic  to  a 

disk  with  holes,  which  is  homotopy  equivalent  to  a union  of 

tangent  circles.  Thus,  X has  the  shape  of  a union  of 

tangent  circles,  the  number  of  circles  corresponding  to 

the  number  of  bounded  components,  which  will  either  be 

finite  or  countably  infinite.  By  examining  the  first  Cech 

cohomology  groups  of  these  continua,  we  see  that  two  con- 
2 

txnua  in  R are  shape  equivalent  if  and  only  if  they  have 
the  same  number  of  unbounded  components  in  their  comple- 
ments. Hence,  there  are  only  countably  many  continua  in 
2 

R with  different  shapes. 
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